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Abstract. We consider the Hamiltonian iJ of a 3D spinless non-relativistic quantum 
particle subject to parallel constant magnetic and non-constant electric field. The 
operator H has infinitely many eigenvalues of infinite multiplicity embedded in its 
continuous spectrum. We perturb H by appropriate scalar potentials V and investigate 
the transformation of these embedded eigenvalues into resonances. First, we assume 
that the electric potentials are dilation-analytic with respect to the variable along the 
magnetic field, and obtain an asymptotic expansion of the resonances as the coupling 
constant k of the perturbation tends to zero. Further, under the assumption that 
the Fermi Golden Rule holds true, we deduce estimates for the time evolution of the 
resonance states with and without analyticity assumptions; in the second case we 
obtain these results as a corollary of suitable Mourre estimates and a recent article of 
Cattaneo, Graf and Hunziker [TT]. Next, we describe sets of perturbations V for which 
the Fermi Golden Rule is valid at each embedded eigenvalue of H\ these sets turn 
out to be dense in various suitable topologies. Finally, we assume that V decays fast 
enough at infinity and is of definite sign, introduce the Krein spectral shift function for 
the operator pair {H + V, H) , and study its singularities at the energies which coincide 
with eigenvalues of infinite multiplicity of the unperturbed operator H. 
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1. Introduction 

In the present article we consider a magnetic Schrodinger operator H which, from a 
physics point of view, is the quantum Hamiltonian of a 3D non-relativistic spinless 
quantum particle subject to an electromagnetic field (E, B) with electric component 
E = — (0,0,Vq) where Vq is a scalar potential depending only on the variable x^, and 
magnetic component B = (0, 0, b) where 6 is a positive constant. From a mathematical 
point of view this operator is remarkable because of the generic presence of infinitely 
many eigenvalues of infinite multiplicity, embedded in the continuous spectrum of H. 
These eigenvalues have the form 2bq + X, q E := {0, 1, 2, . . .}, where 2bq, g G Z+, 
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are the Landau levels, i.e. the infinite-multiplicity eigenvalues of the (shifted) Landau 
Hamiltonian, and A is a simple eigenvalue of the ID operator —-^+Vo{x). We introduce 
the perturbed operator H + >iV where is a if-compact multiplier by a real function, 
and X e M is a coupling constant, and study the transition of the eigenvalues 2bq + A, 
q G Z-|., into a "cloud" of resonances which converge to 2bq + A as x — > 0. 
In order to perform this analysis, we assume that V is axisymmetric so that the operator 
H + xV commutes with the Xs-component of the angular-momentum operator L. In 
this case H + xV is unitarily equivalent to the orthogonal sum (Bm&{H^™''' + kV) where 
H^'^'> is unitarily equivalent to the restriction of H onto Ker (L — m), m G Z. This 
allows us to reduce the analysis to a perturbation of a simple eigenvalue 2hq + A of the 
operator with fixed magnetic quantum number m. 

We apply two different approaches to the definition of resonances. First, we suppose 
that vq and V are analytic in X3, and following the classical approach of Aguilar and 
Combes [2], define the resonances as the eigenvalues of the dilated non- self-adjoint op- 
erator H{9) + >cVq. We obtain an asymptotic expansion as x — >■ of each of these 
resonances in the spirit of the Fermi Golden Rule (see e.g. [5^ Section XII.6]), and 
estimate the time decay of the resonance states. A similar relation between the small- 
coupling-constant asymptotics of the resonance, and the exponential time decay of the 
resonance state has been established by Herbst [T9] in the case of the Stark Hamiltonian, 
and later by other authors in the case of various quantum Hamiltonians (see e.g. [36] , 

m. m)- 

Our other approach is close to the time dependent methods developed in [35] and [12] . 
and, above all, to the recent article by Cattaneo, Graf and Hunziker [11] , where the dy- 
namic estimates of the resonance states are based on appropriate Mourre estimates [25] . 
We prove Mourre type estimates for the operators if , which might be of independent 
interest, and formulate a theorem on the dynamics of the resonance states which can be 
regarded as an application of the general abstract result of [TT] . 

Both our approaches are united by the requirement that the perturbation V satisfies 
the Fermi Golden Rule for all embedded eigenvalues for the operators H^''^\ m G Z. 
We establish several results which show that the set of such perturbations is dense in 
various topologies compatible with the assumptions of our theorems on the resonances 
ofH + kV. 

Further, we cancel the restriction that V is axisymmetric but suppose that it decays fast 
enough at infinity, and has a definite sign, introduce the Krein spectral shift function 
(SSF) for the operator pair {H + V, H), and study its singularity at each energy 2bq + A, 
q G Z+, which, as before, is an eigenvalue of infinite multiplicity of the unperturbed 
operator H. We show that the leading term of this singularity can be expressed via the 
eigenvalue counting function for compact Berezin-Toeplitz operators. Using the well- 
known results on the spectral asymptotics for such operators (see [2^], [S2J), we obtain 
explicitly the main asymptotic term of the SSF as the energy approaches the fixed point 
2bq + A for several classes of perturbations with prescribed decay rate with respect to 
the variables on the plane perpendicular to the magnetic field. 

It is natural to associate these singularities of the SSF to the accumulation of resonances 
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to these points because it is conjectured that the resonances are the poles of the SSF. 
This conjecture is justified by the Breit-Wigner approximation which is mathematically 
proved in other cases (see for instance [26], [27], [lO], [7]). 

The article is organized as follows. In Section 2 we summarize some well-known spectral 
properties of the operators H and if^™) and their perturbations, which are systemati- 
cally exploited in the sequel. Section 3 is devoted to our approach based on the dilation 
analyticity, while Section 4 contains our results obtained as corollaries of appropriate 
Mourre estimates. In Section 5 we discuss the density in suitable topologies of the sets 
of perturbations V for which the Fermi Golden Rule holds true for every embedded 
eigenvalue 2bq + A of the operator H^"^\ m G Z. Finally, the asymptotic analysis of the 
SSF near the points 2bq + A can be found in Section 6. 

We dedicate the article to Vesselin Petkov with genuine admiration for his most signifi- 
cant contributions to the spectral and scattering theory for partial differential operators. 
In particular, we would like to mention his keystone results on the distribution of res- 
onances, and the Breit-Wigner approximation of the spectral shift function for various 
quantum Hamiltonians (see [26], [27], [ID]), and, especially, his recent works on magnetic 
Stark operators (see [13], [E]). These articles as well as many other works of Vesselin 
have strongly influenced and stimulated our own research. 



2. PRELIMINARIES 

2.1. In this subsection we summarize some well-known facts on the spectral properties of 
the 3D Schrodinger operator with constant magnetic fleld B = (0, 0, 6), 6 = const. > 0. 
More details could be found, for example, in [1] or [9l Section 9]. 
Let 

^0 := Ho,± ® /|| + /± O Ho^w 
where I\\ and I± are the identity operators in L'^iR^s) and L^(M^^ respectively, 

d bx2 \^ f ■ d hxi ^ ^ 



is the Landau Hamiltonian shifted by the constant 6, and 



The operator -ffo,± is self-adjoint in L^(M^), the operator ifo,|| is self-adjoint in L^(M), and 
hence the operator Hq is self-adjoint in L^(M^). Moreover, we have (T(ifo,±) = U^Q{26g}, 
and every eigenvalue 2hq of -ffo,± has inflnite multiplicity (see e.g. [1]). Denote by Pq the 
orthogonal projection onto Ker (ifo,± — 26g), q G Z+. Since (T(ifo,|l) = [0, oo), we have 
a(i7o) = U~o[2&g,oo) = [0,oo). 
Let now m G Z, ^ = (xf + xlY^"^. Put 

r(m) I d d ^ I m bg 
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The operator is self-adjoint in L^(M+; gdg), and we have (t{Hq^) = U^^_{26g} 
where m_ = max{0, — m} (see e.g. [1]). In contrast to the operator Hq ±, every eigen- 
value 2bq of Hq"^ is simple. Denote by pq^m the orthogonal projection onto Ker {H^"^ — 
2bq), q G Z+, q > m_. Put 
(2.1) 



where 



7r(g + m)\ 



( - j g'^L^^^ {bgV2) e-^f'/^ geR+, q E Z, q > m. 



l=m- 

are the generalized Laguerre polynomials. Then we have 



s e 



^0 l.Vg,m = "^bqif 



q,rai 



\Wq,m\\LHM.+ ;ede) = 1, and v^g.m = ^q,m (see e.g. P Section 9]). Moreover, pq., 

\'^q,m){'^q,m\- 



Set 



where i± is the identity operator in L^(]R+; gdg). Evidently, alH^"^^) = [2m_6, oo). 
Let {g, 0, X3) be the cylindrical coordinates in M'^. The operator H'^\ m G Z, is unitarily 
equivalent to the restriction of Hq onto Ker (L — m) where 

.fd d \ d 

is the X3-component of the angular- momentum operator, which commutes with Hq. 
Moreover, the operator Hq is unitarily equivalent to the orthogonal sum ®m&iH'^\ 
More precisely, if we pass to cyhndrical coordinates, and decompose u G Dom(ifo) into 
a Fourier series with respect to 0, i.e. if we write 



m(^cos0, ^sin0, X3) = e''"'^Mm(g,a^3), 

we have 

(i^o^i)(^'cos0, ^sin0,X3) = e^"^'*'{H'^\rn){g,x^). 

2.2. In this subsection we perturb the operators i^Q™^ and Hq by a scalar potential Vq 
which depends only on the variable X3. 

Let fo : M — M be a measurable function. Throughout the paper we assume that the 
multiplier by vq is i/o, [[-compact, which is ensured, for instance, by vq G L^(]R) +Lf' 
Set 

H\\ := Hq\\+vq. 
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Then we have 

CTessiHll) = (Tess(i^O,||) = [0,Oo). 

For simphcity, throughout the article we suppose also that 

(2.3) infff(i^ii) > -2b. 

Evidently, (12.31) holds true if the negative part fo - of the function vq is bounded, and 
we have ||wo < 2b. 

Assume now that the discrete spectrum of H\\ is not empty; this would follow, for 
example, from the additional conditions Vq G L^(R) and J^VQ{x)dx < (see e.g. [Ml 
Theorem XIII. 110]). Occasionally, we will impose also the assumption that the discrete 
spectrum of H\\ consists of a unique eigenvalue; this would be implied, for instance, by 
the inequality \x\vo^_{x)dx < 1 (see e.g. O Chaper II, Theorem 5.1]). 
Let A be a discrete eigenvalue of the operator H]\ which necessarily is simple. Then 
A G (—26, 0) by (12. 3p . Let tp be an eigenfunction satisfying 

(2.4) H\\tlj = X^, = 1, ^1; = ^. 

Denote by p\\ = p\\{\) the spectral projection onto Ker(i7|| — A). We have p\\ = 
Suppose now that vq satisfies 

(2.5) |wo(x)| =0((s)~"^«), xGM, mo>l, 

where (x) := (l + |xp)5. Then the multiplier by Vq is a relatively trace-class perturbation 
of -ffo.ih and by the Birman-Kuroda theorem (see e.g. |33, Theorem XI.9]) we have 

crac(i?||) = crac(i?o,||) = [0, oo). 

Moreover, by the Kato theorem (see e.g. [Ml Theorem XIII. 58]) the operator H\\ has no 
strictly positive eigenvalues. In fact, for all > and s > 1/2 the operator-norm limit 

(2.6) {x)-^{H\\-E)-\x)-^ ■.= \im{x)-%H^\-E-z6)-'{x)-^ 

exists in £(L^(R)), and for each compact subset J of M+ = (0, oo) and each s > 1/2 
there exists a constant Cj^s such that for each E E J we have 

(2.7) \\{x)-^{Hii-E)-'{x)-'\\<Cj,, 
(see m- 

Suppose again that (12. 5p holds true, and let us consider the differential equation 

(2.8) - y" + voy = k^y, keR. 

It is well-known that (12.81) admits the so-called Jost solutions yi{x; k) and y2{x; k) which 
obey 

yi{x;k) = e'''%l + o{l)), x ^ oo, 

l/2(x; A;) = e-'^^'(l + o(l)), x ^ -oo, 
uniformly with respect to A; G M (see e.g. [H Chapter II, Section 6] or [37]). The pairs 
{?/;(■; k),yi{-; —A;)}, A; G M, / = 1,2, form fundamental sets of solutions of (12.81) . Define 
the transition coefficient T{k) and the reflection coefficient TZ{k), A; G M, A; 7^ 0, by 

y2{x; k) = T{k)yi{x; -k) + TZ{k)yi{x; k), x G M. 
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It is well known that T{k) 7^ 0, A; G M \ {0}. On the other hand, the Wronskian of 
the solutions yi{-;k) and y2{-]k) is equal to —2ikT{k), and hence these solutions are 
linearly independent for k G M \ {0}. For ii^ > set 

^i{x; E) := ^ —yi{x- VE), 1 = 1,2. 

V4:nVET{VE) 

Evidently, ^i{-;E) G C\R) n E > 0, / = 1,2. Moreover, the real and the 

imaginary part of both functions \E'/(-; i?), / = 1, 2 with E > do not vanish identically. 
Further, Im {x)~'^{H\\ — E)^^{x)^''^ with E > and s > 1/2 is a rank-two operator with 
an integral kernel 

K{x,x') = TTj2{^)~''^ii^'^E)^ii^''^E){x')-', x,x' G R. 

1=1,2 

2.3. Fix now m G Z, and set 

Since Vq is i^o,|i-compact and the spectrum of Hq"2 is discrete, the operator I± (g) vq 

is i^o^^-compact. Therefore, the operator if^™) is well-defined on Dom(iJQ™'''), and we 
have 

Further, if A is a discrete eigenvalue of ify , then 2bq + A is a simple eigenvalue of if^"*) 
for each integer q > m_. If g = m_, then this eigenvalue is isolated, but if g > m_, 
then due to (12.31) . it is embedded in the essential spectrum of H^'^K Moreover, 

(2.9) H^^'^^^m = {2bq + A)$,,™, q > m_, 
^q,m = Vg,m ® V^, Vq,m being defined in fl2.1l) . and in (12. 4p . Set 

(2.10) Vq,m-=Pq,m®P\\- 
Then we have Vq^m = \^q,m){^q,m\- 

Finally, introduce the operator 

H := Hq + I^^vq. 

Even though the operator I± (g) vo is not ifo-compact (unless vq = 0), it is i^o-bounded 
with zero relative bound so that the operator H is well-defined on Dom(ifo)- Evidently, 
the operator H is unitarily equivalent to the orthogonal sum ®rn&H^"^\ Up to the 
additive constant 6, the operator H is the Hamiltonian of a quantum non-relativistic 
spinless particle in an electromagnetic field (E, B) with parallel electric component 
E = —(0, 0, t>Q(x3)), and magnetic component B = (0, 0, h). 

Note that if A is a discrete eigenvalue of H\\, then 2bq + A, g G Z+ is an eigenvalue of 
infinite multiplicity of H. If g = 0, this eigenvalue is isolated, and if g > 1, it lies on 
the interval [0, 00) which constitutes a part of the essential spectrum of H. Moreover, 
if (12. 5p holds, then as^{H) = [0, 00), so that in this case 26g + A, g G Z+, is embedded 
in the absolutely continuous spectrum of H. 
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2.4. In this subsection we introduce appropriate perturbations of the operators H and 
H^"'\ m E Z+. 

Let y : R'^ — > R be a measurable function. Assume that V is ffo-bounded with zero 
relative bound. By the diamagnetic inequality (see e.g. |4j) this would follow, for 
instance, from V G L^(R^) + L°°(]R^). On Dom{H) = Dom(ifo) define the operator 
H + >iV, X G M. 

Remark We impose the condition that the relative iJo-bound is zero just for the sake of 
simplicity. If V is ifo-bounded with arbitrary finite relative bound, then we could again 
define H + kV but only for sufficiently small 

Occasionally, we will impose the more restrictive assumption that V is ifo-compact; this 
would follow from V G L^(R^) + L^(]R^). In particular, V is i^o-compact if it satisfies 
the estimate 

(2.11) |V^(x)| = 0((X^)-™^(x3)-™^), x=(Xx,X3), mx>0, m,>0. 

Further, assume that V is axisymmetric, i.e. V depends only on the variables {g,Xs). 
Fix m G Z and assume that the multiplier by V is i^Q^^^-bounded with zero relative 
bound. Then the operator if^*") + is well defined on Dom(if'^''")) = Dobi^Hq"^''). 
Define the operator if^™-) + hV, x G M. 

For z G C+ := {C G C I ImC > 0}, m G Z, g > m_, introduce the quantity 

where (■, ■) denotes the scalar product in L^(R_(_ x M; gdgdx^), which we define to be 
linear with respect to the first factor. If A is a discrete eigenvalue of H\\ we will say that 
the Fermi Golden Rule J^q^m,\ is valid if the limit 

(2.12) Fg,^(26g + A) = limFg,^(26g + A + z5), 

i5J.O 

exists and is finite, and 

(2.13) ImFg,„(26g + A) > 0. 

3. RESONANCES VIA DILATION ANALYTICITY 

3.1. In this subsection we will perturb h'^'' by an axisymmetric potential V{q,x^) 
so that the simple eigenvalue 2hq + A of ifg*"^ becomes a resonance of the perturbed 
operator. In order to use complex scaling, we impose an analyticity assumption. We 
assume that the potential vq extends to an analytic function in the sector 

Seo = {z eC \ \kigz\ < 6*0, or \z\ < vq} 

with ^0 £ (0,vr/2), which satisfies 02.51) . As already used in similar situations (see e.g. 
[Ij, [38]) we introduce complex deformation in the longitudinal variable, (p{{0)f){g, x^) = 
e^/V(^, e^xa), / G L'^(R+ x R; gdgdx^), 9 eR. For ^ G R we have 
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with H\\{6) = — e~^^^ +vo,eix3), and vo^e{x^) := vo{e^ x^). By assumption, the family 

of operators {H\\{6), |Im 6'| < ^o}, form a type (A) analytic family of m-sectorial 
operators in the sense of Kato (see for instance [2D1 Section 15.4], [2j). Then the discrete 
spectrum of Hq^\\{9) is independent of 9 and we have 

a{H^^\e))= U {2bq + a{H\\{e))}, 

a{H\\{e)) = e-^'R+ U crdisc{H\\) U {zi, Z2, ....} 

where crdisc(-f^||) denotes the discrete spectrum of ify, and zi, Z2, are (complex) eigen- 
values of H\\{6) in {0 > Argz > — 2Im 6}, Im ^ > 0. In the sequel, we assume that 
adUHii) = {A}. 

Further, we assume that V is axisymmetric, and admits an analytic extension with 
respect to X3 G Sg^, which is i^Q^-'-compact (see e.g. [311 Chapter XII]). Let 

V0ig,X3) := V{g,e^xs). 

Then the family of operators {H^"^\6) + xVg, |Im 9\ < 6q, |x| < 1}, form also an 
analytic family of type (A) for sufficiently small x. 
By definition, the resonances of + xV m 

Sm, (0) := U ^ < < + -2Im0 < Arg(2 - 2bq) < 0} 

g>m_ 

are the eigenvalues of H^"^\9) + >cVg, ImO > 0. 

For V axisymmetric and i^o-compact, we define the set of the resonances Res(if + 
xV, So{9)) of the operator H + xV in So{9) by 

Res(i7 + xV, So{e)) := |J {eigenvalues of H^^'^O) + xVe} n So{e). 

In other words, the set of resonances of H + xV is the union with respect to m ^ Z of 
the resonances of H^"^^ + xV. This definition is correct since the restriction of if + xV 
onto Ker(L — m) is unitarily equivalent to H^"^^ + xV. Moreover using a standard 
deformation argument (see, for instance, [20l Chapter 16]), we can prove that these 
resonances coincide with singularities of the function z ^-^ {{H + xV — z)~^ /, /), for / 
in a dense subset of L^(R^). 

Theorem 3.1. Fix m ^ 7^, q > m_. Assume that: 

• vq admits an analytic extension in Se^ which satisfies fl2.5l) ." 

• inequality (12. 3p holds true, and H\\ has a unique discrete eigenvalue X; 

• V is axisymmetric, and admits an analytic extension with respect to X3 in Sg^ 
which is Hq^^ -compact. 

Then for sufficiently small \x\, the operator if^™-) + xV has a resonance Wq^rn{x) which 
obeys the asymptotics 

(3.1) Wg,„(x) =2bq + \ + x{V<^g^rn, '^q,m) " ^g,m(2feg + A) + Og^^y{x^), X 0, 
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the eigenf unction being defined in fl2.9p . and the quantity Fq^rnC^bq+X) being defined 
m (12321) . 

Proof. Fix 6 such that 6'o > Im ^ > and assume that z G C is in the resolvent set of 
the operator H^'^^O) + xYq. Put 

By the resolvent identity, we have 

(3.2) R^-^iz) = R^-\z)-xR^-\z)VeR^-\z)+x'Rl;;\z)VeR^^^ 

as X — > 0, uniformly with respect to z in a compact subset of the resolvent sets of 
H^'"'\9) + xV and if(™)(^). 

Now note that the simple embedded eigenvalue 2bq + A of H^"^^ is a simple isolated 
eigenvalue of H'^'^\6). According to the Kato perturbation theory (see ^22^ Section 
VIII.2]), for sufficiently small x there exists a simple eigenvalue Wq^rn{>^) of H^'^\9) + xVe 
such that lim^^o 'U^g,m(x) = Wq,m{S^) = 2bq + A. For |x| sufficiently small, define the 
eigenprojector 

(3.3) v^ie) = v^,q,uo) --=^1 

where F is a small positively oriented circle centered at 2bq + A. Evidently, for u G 
RanP^(^) we have {H^"^\9) + xVe)u = Wq^m{>i)u', in particular, if m G RanVoiO), then 
H^'^\6)u = {2bq + \)u. Since Wg^m{x) is a simple eigenvalue, we have 

(3.4) Wq^M = Tr ^ ^i?S(^)rf^) 
for F and x as above. Inserting (13.21) into (13.41) . we get 

Wq,m{^) = 

(3.5) 

2bq + X + xTT{Vo{e) VeVoie)) - ^ Tr (^^ (^) Ve Ve 4? (^) dz^ + 0{>^) 

as X ^ 0. Next, we have 

(3.6) Tr(Po(^) VeV^ie)) = Tr(P,,„ KP,,„) = (1^$,,^, $,,™)L2(M+xM;,d,dx3), 

the orthogonal projection Vq^m being defined in (12.101) . For G M the relation is 
obvious since the operators Vo^q^rn{0)VeVQ^q^rn{0) and Vq^mV Vq^m are unitarily equiv- 
alent. For general complex 9 identity (13. 6p follows from the fact the function 9 ^ 
Tr(Po,g,m(6') VeVo^q^m{d)) is analytic. 
Set 

Qo(^) := / - V,{9), H^'^HO) ■= H^"'\9)Qo{9). 
By the cyclicity of the trace, we have 

(3.7) Tr (^^ zR^^^ (z) Ve R^^^ (z) Ve R^^j {z)dz^ =T,+T^ + T, + T, 
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where 

Ti := ^ z{2bq + A - z)-' Tr (Po(^) Vg V,{e)Ve V,{9)) dz, 
T, := ^ zi2bq + A - z)-^ Tr {Vo{9) Ve {H^^\e) - z)-' Qo W Ve dz, 
T3 := Tr Q^z{H^"'\9) - z)-' Qo{e)Ve{H^^\e) - z)"' Qo{e)Ve{H^^\9) - z)-'Qo{e)dz^ 

Ti-= j^^ i'^bq + A - z)-' Tr W ^^(^^'"H^) - ^)"' Qo(^) Po W)^^^- 

Since Jp z(26g + A — = 0, and the function z {H^"'^^{6) — z)^^ is analytic inside 

r, we have 

(3.8) Ti = T3 = 0. 
Further, using the identity 

{2bq + A - z)-'Vo{9) Ve {H^^\e) - z)-^ QoW VeVo{e) + 

{2hq + A - z)-^Vo{e) Ve {H^'^\e) - zY^ Qo{9) VeVo{9) = 

— ((26g + A - z)-'Vo{9) Vg {H^^\d) - z)-' Qo{9) Ve PoW) , 
integrating by parts, and applying the Cauchy theorem, we obtain 

(3.9) + T4 = 2^7rTr (Vo{e) Ve {H^'^\e) - 2bq - Xy' (/ - Po(^)) VePo(^)) • 

Arguing as in the proof of (13.61) . we get 
(3.10) 

Tr (Vo{e) Ve {H^'^\e) - 2bq - X - t6)-' Qo{e) VgVo{e)') = F^^^{2bq + A + i6), 6 > 0. 

For 9 fixed such that Im^ > 0, the point 2bq + A is not in the spectrum of H^"^\9). 
Taking the limit 5 | in fl3.10p . we find that (13. 9p implies 

(3.11) T2 + T4 = 2z7rF,,^(26g + A). 

Putting together ([X5D - (M and (IXTTD . we deduce ^J^. □ 

Remarks: (i) We will see in Section 4 that generically Im Fg^mi'^bq + X) > for all m G Z, 
and q > m_. 

(ii) Taking into account the above remark, we find that Theorem 13. II implies that generi- 
cally near 26g + A, q > 1, there are infinitely many resonances of H+xV with sufficiently 
small X, namely the resonances of the operators + xV with m > —q. 

3.2. In this subsection we consider the dynamical aspect of resonances. We prove the 
following proposition which will be extended to non-analytic perturbations in Section 4. 
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Proposition 3.1. Under the assumptions of Theorem \3.1\ there exists a function g G 
C^(]R; M) such that g = I near 2bq + A, and 

(3.12) (e-(^""'+-^)*(?(/7M + xy)$,,„, = a(x)e-™--(-)* + t), t > 0, 
with a and b satisfying the asymptotic estimates 

|a(x) - 1| = 0(x2), 

= 0(x2(l + t)-"), \/neZ+, 
as X uniformly with respect to t > 0. 

In order to prove the proposition, we will need the following 

Lemma 3.1. Set 

the projection V^{9) being defined in (13.31) . Then for |x| small enough, there exists a 
finite-rank operator J^^^q , uniformly bounded with respect to x, such that 

(3.13) V^{9) = + ><(^SK™(><))^^'^-(^) + ^-(^)^e^SK-(><))) + 
Proof. By the resolvent identity, we have 

(3.14) Rth^)=R'::i{^)+>^R^::i{^)VeR'::}{i^)+^'R^^^^^^ 

Moreover by definition of -R^'' and of ^('"^ := ff'^'") Qq, we have: 

(3.15) i?L";V) = (n;,,„(x) - uY'VM + ^^V), 

= m + A - v)-'V,{9) + {H^"^\9) - ur'Q,{9), 

where v R^^ei^) ^"^^ ^ ^ {H''™'\9) — v)~^Qq{9) are analytic near 2bq + A. Then, 
from the Cauchy formula, the integration of (13.141) on a small positively oriented circle 
centered at 26g + A, yields (13.131) with J^^^q a linear combination of finite-rank operators 
of the form Pi Vq Pa Vq P3, where {Vo{9) ^ V ^{9)} n {P,-, j = 1, 2, 3} 7^ 0, and 

P, G {Po(^), V^{9), pS(z/), (^('")(0)-z/)-1Qo(^^), with 1/ = Wg,M or z/ = 26g + A}. 

Since these operators are uniformly bounded in x with |x| small enough, J-'l^J is a 
finite-rank operator which also is uniformly bounded in x with |x| small enough. □ 

Proof of Proposition \3 . 1\ Pick at first any g G C^(]R; M) such that g = 1 near 26g + A. 
We have 

{e-^("'-'^-''^'g{H^"^^ + kV)%,^, = Tr (e-(^""'+-^)*^(i7M + kV)V,,^). 

By the Helffer-Sjostrand formula, 

(3.16) e-'(^""'+"^)*(7(if(™) + xl^)P„^ = - / ^(2)e-'^*(i/("^) + x\/-2)-ip,„rfa;dy 
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where z = x + iy, z = x — iy, g is a. compactly supported, quasi-analytic extension of g, 
and the convergence of the integral is understood in the operator-norm sense (see e.g. 
[ig Chapter 8]). 
Consider the functions 

a±{z) := Tr ((if^'") + - z)-^ ilm^ > 0. 

Following the arguments of the previous subsection, we find that 

(3.17) a+{z)=TT{R^^^{z)Vo,g,U0)), lmz>0, eo>lme>0. 

Inserting (I3.13P into fl3.17p . and using the cyclicity of the trace, and the elementary 
identities 

V.iO) 4l,V.,n.(x)) = = -PxiO) 

we get 

a^iz) = Tr (i?S(z) V^e)) + x^Tr (i?S(z) T^)- 
Applying (13.151) . we obtain 

(3.18) a+{z) = (^1 + xV(x)) (w,,™(x) - 2)-^ + x2G+(x, z), 

where r(x) := Tr (^^(6*) JF^"^-*), and G+(x, z) is analytic near 2bq + X and uniformly 
bounded with respect to |x| small enough. Similarly, 

(3.19) a4z) = (l + {wg,m{>i) - z)-^ + x2G'_(x, z), 

where (^-(x, z) is analytic near 2bq + X and uniformly bounded with respect to |x| small 
enough. Now, assume that the support of g is such that we can choose g supported on a 
neighborhood of 2bq + X where the functions z i— >■ G±(x, z) are holomorphic. Combining 
f l3.16p with the Green formula, we get 

(3.20) Tr{e-^(^'-'+-^^'g{H'^^) + HV)V,,^) = ^ [ ^?(/x) e"*''* (a+(/x) - a_(/x))rf/i. 

2i7^ Jr 

Making use of (ElHl) - ([319]), we get 

77— I ^(/^)e"'^*((T+(/i) - a_(^))c//i = ^ f ^(/i)e"*''*(G+(x,/i) -G_(x,/i))c//i 

J2 



^l + xr(x) j 
l-hxV(x) f -— , 



2z7r 

Pick £ > so small that g{fi) = I for ;U G [2hq + X-2e,2hq + X + 2e\. Set 

:= (-00, 2hq + X-e\U {2hq + X + ee'\ t G [-vr, 0]} U [2hq + X + e, +oo) 
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Taking into account fl3.20p . bearing in mind that Imi(7g„i(x) < 0, and applying the 
Cauchy theorem, we easily find that 

(3.21) Tr(e-*(^""'+'^^)*^(i/(™) + xr)P,,^) = (l + xV(x))e-™''™(")* + x2 ^ I^{t->c) 

i=l,2,3 

where 

h{t-x) :=T^ / (7(/^)e-^'^*(G+(x,/i)-G_(x,/i))rf/i, 
hit; ^) ■= ^ j aifJ') e~'''*(r(x)(w5,m(x) - /x)"^ - r(x)(u;g,^(x) - l^y^)dn, 
/3(t; x) := _sp\^ I ^(^) e-*''*(u7q,^(x) - /i)-^(wq,„(x) - fi)'^ c//i. 



Integrating by parts, we find that 

(3.22) |/j(t;x)| = 0((l + t)^"), t>0, J = 1,2,3, Vn G Z+, 

uniformly with respect to x, provided that |x| is small enough; in the estimate of I^it; x) 
we have taken into account that by Theorem 13.11 we have \lm{wg^rn{>^))\ = O(x^). 
Putting together fl3:2T]) and ([322]), we get fl3J2D . 

4. MOURRE ESTIMATES AND DYNAMICAL RESONANCES 

In this section we obtain Mourre estimates for the operator H^^^ and apply them com- 
bined with a recent result of Cattaneo, Graf, and Hunziker (see [llj) in order to in- 
vestigate the dynamics of the resonance states of the operator without analytic 
assumptions. 

4.1. Let -yo : K ^ Set 

(4.1) Vj{x3) := xivi^^\x3), J e Z+, 

provided that the corresponding derivative Vq^ of vq is well-defined. 
Let 

1 f d d 

2 y aX3 

be the self-adjoint operator defined initially on C^(M) and then closed in L^(M). Set 
A := I± ^ A. Let T be an operator self-adjoint in L^(M+ x M; gdgdx^) such that 
e''^D{T) C D(r), s G M. Define the commutator [T,iA] in the sense of [H] and [U], 
and set ad^'*(T) := —i\T,iA\. Define recursively 

ad^'^+'^(T) = -z[ad^^)(T), lA], > 1, 

provided that the higher order commutators are well-defined. Evidently, for each m G Z 
we have 

k 

(4.2) i^dfiH^"^^) = 2'=/^ ® i7o,|| + Yl ^'^'i^i' ^ ^ 

i=i 
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with some constants c^j independent of m; in particular, c^^k = Therefore the 

ifo,||-boundedness of the multiphers Vj, j = 1, . . . ,k, guarantees the if*^™^-boundedness 
of all the operators ad^'*(i7*^™'^) , j = 1, . . . , fc. 

Let J C M be a Borel set, and T be a self-adjoint operator. Denote by Pj(T) the spectral 
projection of the operator T associated with J. 

Proposition 4.1. Fix m eZ. Let A G (—26,0), q E "L, q > rri-. Put 

(4.3) J = {2bq + A - (5, 26g + A + 5) 

where 6 > 0, 6 < —A/2, and 6 < (26 + A)/2. Assume that the operators fj(ifo,|| + ^)^^, 
j = 0, 1, are compact. Then there exist a positive constant C > and a compact operator 
K such that 

(4.4) Pj(iy('^))[i7('"),2A]Pj(i7('")) > CPj(iy('")) + K. 

Proof. Let X G Co°°(M;M) be such that supp x = [2hq + \-25,2hq + \ + 25], x{t) e [0,1], 
Vt E M, x(^) = 1, Vt G J. In order to prove fl4.4p . it suffices to show that 

(4.5) x(^^'"^)[^^"'\^^]x(^^"^) > Cx{,H^""^f + k 

with a compact operator K. Indeed, if inequality (14.51) holds true, we can multi- 
ply it from the left and from the right by Pj(if*^™''') obtaining thus (14. 4p with K = 
Pj(if(™))KPj(i7('")). 
Next (S2D yields 

[H^'^\iA] =2h®HQ,\\-vi. 

Therefore, 

(4.6) ^xiHt^) [h ® Ho,\i) xiHt^) + - K, 
where 

Ki := X{H^"'^) {h ® i^o,||) X{H^'^^) - xiHt^) {L ® i^o,||) x{Ht\ 

K, := x{H^"'>iXiH'^^"'^)- 

Since the operator vi{Hq^^ + 1)'^ is compact, the operators t>i(if(™^ + l)""*^, vixiH'^"^^), 
and K2 are compact as well. Let us show that Ki is also compact. We have 

= (x(i/(™)) - x{Ht^)) (/± ® i^o,||) X(^^'"^) + 

(4.7) xiHlr^) {l± ® ^0,11) (X(i^(")) - xiHt^))- 
By the Helffer-Sjostrand formula and the resolvent identity, 

x(i/(-)) - x{Ht^) = -- [ ^{zm^""^ - z)-\,{Ht^ - zY'dxdy. 
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Since the support of x is compact in R^, and the operator ^{H^"^^ — z)~^vq{Hq"^^ — z)^^ 
is compact for every {x,y) G with y 0, and is uniformly norm-bounded for every 
{x,y) G M^, we find that the operator — x{Hq"^^) is compact. On the other 

hand, it is easy to see that the operators 



[l± ® i^o,||) Xl^^"^^) = (/± ® ^o,||) (^^'"^ + ir'iH^"^^ + l)x{H 



{m)\ 
(m)N 



and 



T{m)\ 



are bounded. Taking into account (14.71) . and bearing in mind the compactness of the 
operator x{H^"^'') — x{Hq"^'^) , and the boundedness of the operators ® -f^o,|| j x{H^ 

and x{Hq"^'') (8> -f^o,||j) we conclude that the operator Ki is compact. 
Further, since 6 < —A/2, and hence 2b j > 2bq + \ + 26 for all j > q, we have 

x(//o,|| + 2bj) = 0, j> q. 

Therefore, 

oo q—1 

j=m— j=m— 

and 

(4.8) xiHjr^) {l± ® i^o,||) X(i^r) = E ® (^(^0,11 + m'Ho,i\) . 



j=m_ 



By the spectral theorem. 



q-1 g-l 

J2 Pj,m ® (x(^o,|| + 2&jTi/o,||) > 5^ (2Kg - j) + A - 26)pj,^ ® x(^o,|| + 26jT > 

j=m- j=m- 



(4.9) (26 + A - 25) ^ p,- „ ® x{Ho,\\ + 2bj f = C^xiH^ 

with Ci:=2b + \- 25 > 0. Combining (jH]), (gl]), and (gj]), we get 

(4.10) x{H^"'^)[H^'^\iA]x{H^'^^) > 2Cix{H^"'^f + 2C1K3 + 2i^i - 
where i^s := xl^^V - x{H^""^? 

is a compact operator by the Helffer-Sjostrand 
formula. Now we find that (14.101) is equivalent to (14.51) with C = 2Ci and K = 
2C1K3 + 2Ki - K2. □ 
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Remark Mourre estimates for various magnetic quantum Hamiltonians can be found in 
[m Chapter 3]. 

4.2. By analogy with (14.11) set 

VjiQ^xs) = —. , J e Z+. 

We have 

k 

z'e.df{V) = J2ck,Vj 
i=i 

with the same constants Ckj as in (14.21) . 

We will say that the condition Oi,, v G Z+, holds true if the multipliers by f j, j = 0, 1, 
are i7o,|| -compact, and the multipliers by fj, j < are ifo,||-bounded. Also, for a fixed 
m & Tj we will say that the condition Cy^rni ^ ^ holds true if the condition Oy is 
valid, the multiplier by V is ifg'"'* -bounded with zero relative bound, and the multipliers 
by Vj, j = 1, • • • , z^, are ifQ™'''-bounded. 

By Proposition 14.11 and [TTl Lemma 3.1], the validity of condition Cy^ra with > 5 and 
a given m & Z guarantees the existence of a finite limit Fq^mC^bq + A) with q > in 
(I2.12p . provided that (12.31) holds true, and A is a discrete eigenvalue of ifo,|| + "^o- 
Combining the results of Proposition 14. II and p4l Theorem 1.2], we obtain the following 

Theorem 4.1. Fix m ^ Z, n & Z+. Assume that: 

• the condition Cy^m holds with u > n + 5; 

• inequality (12. 3p holds true, and X is a discrete eigenvalue of H\\ ; 

• inequality (12.131) holds true, and hence the Fermi Golden Rule J-'q^rn,x is valid. 

Then there exists a function g G (7,5" (M; M) such that snpp g = J (see (14. 3 p ), g = 1 near 
2bq + A, and 

(4.11) (e-i(^''"'+-^)*^(iyM + xV)<!>q,m, ^q,m) = a(x)e-^^''''"(")* + 6(x, t), t > 0, 
where 

(4.12) Ag,„(x) = 26g + A + x(V<l>g,„, <l>g,„) - x"^ Fq^rn{2bq + A) + Oq^^y{x^), x 0. 

In particular, we have ImAg,m(>f) < for |x| small enough. Moreover, a and b satisfy 
the asymptotic estimates 

|a(x) - 1| = 0(x2), 
|6(x,t)| =0(x2|ln|x||(l + t)-"), 
|6(x,t)|=0(x2(l + t)-"+i), 
as X —>■ uniformly with respect to t > 0. 

We will say that the condition C^, v G Z+, holds true if the condition is valid, 
the multiplier by V is f^o-bounded with zero relative bound, and the multipliers by V^, 
j = 1, . . . , z/, are ifo-bounded. 
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For m G Z and q > denote by $q,m : M'^ — C the function written in cylindrical 
coordinates (^i, 0,0:3) as l>g,^(p, 0, Xg) = (27r)-5e^'^<^$g_^(^, X3). 

Corollary 4.1. Fix n G Assume that: 

• the condition C^, holds with z/ > n + 5; 

• inequality (12. 3p is fulfilled, and X is a discrete eigenvalue of Hq \\ +vo; 

• for each m E 'L, q > m_, inequality f l2.13p holds true, and hence the Fermi 
Golden Rule Tq^m,\ is valid. 

Then for every fixed q G Z+, and each m G {—q + 1, . . . , 0} U N with N := {1, 2, . . we 

have 

(^e-^{H+xV)tg^jj + xy)<l,,„, <l,,™)i2(M3) = a(x)e-^^'-(-)* + 6(x, t), t > 0, 
where g, Aq,m(x); cl, o-nd h are the same as in Theorem \4.1\ 

Remarks: (i) If g > 1, then Corollary 14. II tells us that typically the eigenvalue 2bq + X of 
the operator H, which has an infinite multiplicity, generates under the perturbation xV 
infinitely many resonances with non-zero imaginary part. Note however that 2bq + X is a 
discrete simple eigenvalue of the operator H^~'^\ and therefore the operator H^~'^^ + >cV 
has a simple discrete eigenvalue provided that \x\ is small enough. Generically, this 
eigenvalue is an embedded eigenvalue for the operator H + xV. 

(ii) If g = 0, then A is an isolated eigenvalue of infinite multiplicity for H. By Theorem 
l6.1l below. in this case there exists an infinite series of discrete eigenvalues of the operator 
H + V which accumulate at A, provided that the perturbation V has a definite sign. 

5. Sufficient conditions for the validity of the Fermi Golden Rule 

In this section we describe certain classes of perturbations V compatible with the hy- 
potheses of Theorems 13. II - WTLl for which the Fermi Golden rule J^q^rn,\ is valid for every 
m G Z and q > m_. The results included are of two different types. Those of Subsection 
5.1 are less general but they offer a constructive approximation of V by potentials for 
which the Fermi Golden Rule holds. On the other hand, the results of Subsection 5.2 
are more general, but they are more abstract and less constructive. 

5.1. Assume that vq G C°°(M) satisfies the estimates 

(5.1) \vl^\x)\ = Oj {{x)-"""-^) , xGM, jGZ+, mo > 1. 

Then condition Oj, is valid for every u G Z_|_. Moreover, in this case the eigenfunction 
ip (see (12. 4p ) is in the Schwartz class iS(M), while the Jost solutions yj{-;k), j = 1,2, 
belong to C°°(M) n L°°(M). 

Suppose that (12. 3p holds true, and the discrete spectrum of the operator H\\ consists of 
a unique eigenvalue A. Fix m G Z, and g G Z+ such that q > rri-. Then it is easy to 
check that we have 

ImF,,^(26g + A) = 
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poo p 2 

(5.2) / / ipj,m{Q)<^q,ni{Q)'ip{x3)'^i{x3;'2b{q - j) + X)V{g,X3)dx3gdg . 

1=1,2 j=m- -^0 

In what follows we denote by L^g(R+; gdg) the set of real functions W G L^(R_|_; gdg). 
Lemma 5.1. The set of functions W G Lp^g(M+; gdg) for which 



(5.3) V^g— l,m 

iQ)^q,mig)W{g)gdg ^ 

^0 

for every m E Z, q > rri-, is dense in Lp^g(]R+; gdg). 

Proof. Since the Laguerre polynomials L^q \ q G Z+, (see ( 12. 2p ) form an orthogonal 
basis in L^(R+; e~*(is), the set of polynomials is dense in L^(]R+; e~'^(is). Pick W G 
L\^{^+-gdg). Set w(s) := W{^2tjh)e'l'^ , s > 0. Evidently, w = w G L2(M+; e'^ds). 
Pick e > and find a non-zero polynomial V with real coefficients such that 

e-' {V{s)-w{s)fds< 

Note that the coefficients of V could be chosen real since the coefficients of the Laguerre 
polynomials are real. Changing the variable s = bg'^/2, we get 

(5.4) (pibgy2)e-''^'/'-Wig)J gdg < 

Now set Waig) ■■= P(&^V2)e""''^'/^ g e R+, a e (0,oo), where the real polynomial V 
is fixed and satisfies (15.41) . We will show that the set 

(5.5) A := |« G (0, oo) | j (Pq-i,ra{g)fq,m{g)yVa{g) gdg 7^ 0, Vm G Z, Vg > m_ 
is dense in (0, oo). Actually, for fixed m G Z and q > m_, we have 

Vq-l,m{g)'-Pq,m{g)yVa{g)gdg = Uq^milia)) 



where Ilq,m is a real polynomial of degree 2g + m + 1 + degP, and 7(a) := (1 + a)~^. 
Note that 7 : (0, 00) (0, 1) is a bijection. Denote by Afq^m the set of the zeros of Hq^m 
lying on the interval (0, 1). Set 

00 

- U U 

mGZ q=m- +1 

Evidently, the sets Af and •y^^^Af) are countable, and A = (0, oo) \ •j^^^Af). Therefore, 
A is dense in (0, oo). Now, pick ao G A so close to 1/2 that 

r°° / \ 2 c-2 

(5.6) / V{bg'/2)'{e-'''/'-e-''''''/') gdg < j. 
Assembling (15.41) and (15. 6p . we obtain 

(5.7) Wc,o||L2(R+;ede) < 
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Denote by ii'(M) the class of real-valued continuous functions u : [0, oo) —>■ M such that 
lims^ooM(s) = 0. Set ||m||x(r) := max^g[o,oo) \u{s)\. 

Lemma 5.2. The set of functions W G ii'(M) for which (15.31) holds true for every 
m ^ Z, q > m_, is dense in K{M.). 

Proof. By the Stone- Weierstrass theorem for locally compact spaces, we find that the 
set of functions e~°"^V{s), s > where a G (0, oo), and V is a polynomial, is dense in 



Let W G K{R); then we have u G K{R) where u{s) := W{^y2s/b), s > 0. Pick e > 
and find a G (0, oo) and a polynomial V such that ||W^ — Wq| 1/^(11) < e/2 where, as in the 
proof of Lemma EH Wa{g) = e~''^^^/^V{bg'^ /2). Next pick ao G A (see such that 

II Wq — WQ,„||_ft'(K) < e/2. Therefore, similarly to 05.71) we have \\W — yVao\\K{R) ^ £■ D 

Fix z/ G Z . . We will write V E if 



Note that if 0,^ holds, and V E V^, then C^, is valid. 

Theorem 5.1. Assume that: 

• Wo G C°°(M) satisfies (lO) .- 

• inequality (12. 3p holds true; 

• we have crdisc(-f^||) = {-^j- 

Fix V G Z_|_. Then the set of real perturbations V : x M ^ M for which the Fermi 
Golden Rule Tq^m,\ is valid for each m G Z and q > m_, is dense in T>y. 

Proof. We will prove that the set of perturbations V for which the integral 

/•oo I* 

(5.8) /g,m,A(V") := Re / / Lpq^i^rn{g)^q,m{g)'4j{x3)'^i{x3]2b + \)V{g,X3)dx3gdg 



does not vanish for each m E 1^ and q > m_, is dense in V^. By (15. 2p this will imply 
the claim of the theorem. Set 

uj{x) := tlj{x)Re-^i{x;2b + X), a; G M. 

Note that ^ = cJ G S{R). Set 



Evidently, V± G L^^(R^; gdg). Fix e > 0. Applying Lemma \5.1\ we find V± G 
L|g(M+; gdg) such that 



□ 



K{R). 




R 




(5.9) 
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for every m E 1j, q > m_, and 

(5.10) \\V_L - V±\\L2(R+-i,dg) < e. 
Set 

(5.11) Vi,,.,):=^^4^^ ,eM„ XsGR 



We have 



POO 

{0)<^q,m{Q)V±{g)gdg ^ 

Jo 

for every m E Z, q > m_. On the other hand, (15.101) and (15.111) imply 



\V-V\\l <e 



□ 



Fix again u E Z,^. We will write V E V '■ ^+ ^ M is continuous and tends to zero 
at infinity, and the functions a^s^-^^r^^ J = • • • > are bounded. If O^, holds, and 
V & S^, then holds true. For V E Si, define the norm 

:5^V(^,X3) 



^•=0 («?.^3)eK+xi 



Arguing as in the proof of Theorem 15.11 from Lemma 15.21 we obtain the following 

Theorem 5.2. Assume that vq satisfies the hypotheses of Theorem \5.1[ Fix v G Z+. 

Then the set of perturbations V : IR+ x M — > M for which the Fermi Golden Rule Tq^m,\ 
is valid for each m G Z and q > m_, is dense in S^. 

5.2. For H a subspace of L''(M), let us introduce the space 

(5.12) := {u G 5(M) | Vx G / uj{x)x{x)dx = 0}. 

Clearly, if C^{R) C H then = {0}. This property holds yet if H°^{Sg) C H where 
H°°{Sg) is the set of smooth bounded functions on M admitting analytic extension on 
Sg. It is enough to note that if uj{xo) ^ then for C sufficiently large, the function 
xixs) := e~'^^^^~^°^ is in H°°{Sg) and satisfies J^uj{x)xix)dx ^ 0. 

Theorem 5.3. Assume that satisfies the hypotheses of Theorem \5.1[ Let p > 1, 
r>l, 6 eR. 

Let TC be a Banach space contained in L''(R) such that the injection H •—>■ L^(M) is 
continuous, and 1-0 = {0}. 

Then the set of real perturbations V : IR+ x M ^ M, for which the Fermi Golden Rule 
^q,m,x is valid for each m G Z and q > m_, is dense in L*'(M+, {g)^gdg; 7i). 
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Proof. As in the case of Theorems 15. II - we will prove that the set of perturbations 
V for which the integral (15. 8p does not vanish for each m G Z and q > rri-, is dense in 
LP(R+,{gygdg; H). 
Let 

M,,m,x := {V e LP(M+, {gygdg-ny, W(V^) ^ 0}. 
Since for 1/p' + 1/p = 1 and l/r' + l/r = lwe have 

\Iq,m,x(y)\ < \\Vq-l,m'^q,m\\LP'{R+,(g)-S(jds;R) II ^ II L''' (M) W\\LP(R+,{e)^ ede;L^(R))y 

the continuity of the injection H ^ L''(R) implies that M.q^m,x is an open subset of the 
Banach space Lp(M+, (g)^ gdg;T-t). Then according to the Baire lemma, we have only to 
check that each Mq^rn,\ is dense in Lp{R^, {gYgdg^H). Let V G I^^(M+, {g)^gdg]H) \ 

■M.q,m,X- 

Since ^ cu = uJ E S{M), the assumptions on H imply the existence of a $ G such 
that 



u{x3)^{x3)dx3 ^ 0. 

Moreover, g i— > (Pq-i,m{,Q)'^q,m{0) is a product of polynomial and exponential functions. 
Then there exists ^ such that '^q-i,m{Qo)'^q,m{Qo) Qo 7^ 0, and for Xo supported 
near go, we have 

/■oo 

'^q-l,m{Q)'^q,m{Q)Xo{Q)Qdg 7^ 0. 

Consequently, {V{g, x^) + ^Xo{q)^{x3)} is a sequence of functions in Aig,m,x tending 
to V in LP(M+, {gygdg; H). □ 

6. Singularities of the spectral shift function 

6.1. Suppose that Vq satisfies f l2.5p . Assume moreover that the perturbation V : M'^ — > M 
satisfies (12. lip with m_|_ > 2 and = itlq > 1. Then the multiplier by \^ is a relatively 
trace-class perturbation of H. Hence, the spectral shift function (SSF) ^(■;iJ + V,H) 
satisfying the Lifshits-Krein trace formula 

Tr(/(i/ + V)- f{H)) = [ nE)i{E- H + V, H)dE, f G 

Jr 

and normalized by the condition C,{E] H + V, H) = for E < inf a{H + V), is well- 
defined as an element of ^^(R; {E)-^dE) (see [24J. [23j). 

\i E < inf cr(iJ), then the spectrum oi H + V below E could be at most discrete, and 
for almost every E < inf (y{H) we have 

aE-^H + V, H) = -rankP(_oo,iJ)(i^ + V). 

On the other hand, for almost every E G o"ac(-f^) = [0, oo), the SSF ^{E; H + V,H) is 
related to the scattering determinant det S{E; H + V, H) for the pair {H + V, H) by the 
Birman-Krein formula 

det S{E- H + V,H)= e-2-«(^;^+^.^) 
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(see [Bj). 
Set 

Z := {E e R\E = 2bq + 12, g G Z+, /i G adisdHn) or /i = 0}. 

Arguing as in the proof of O Proposition 2.5], we can easily check the vahdity of the 
following 

Proposition 6.1. LetvQ andV satisfy (12.51) . and (12.111) withm± > 2 andrriQ = > 1. 
Then the SSF H + V,H) is bounded on every compact subset of 'R\ Z, and is 
continuous on M. \ {Z U ap{H + V)), where ap{H + V) denotes the set of the eigenvalues 
of the operator H + V . 

In what follows we will assume in addition that 
(6.1) < y(x), X G M^ 

and will consider the operators H ± V which are sign-definite perturbations of the 
operator H. The goal of this section is to investigate the asymptotic behaviour of the 
SSF ^(•; ± V, H) near the energies which are eigenvalues of H of infinite multiplicity. 
More precisely, if (12.31) holds true, and A G cTdisc(-f^||), we will study the asymptotics as 
7] ^ of ^{2bq + X + r];H ±V,H), q eZ+, being fixed. 
Let T be a compact self-adjoint operator. For s > denote 

n±(s; T) := rankP(s,oo)(±7'), n^{s] T) := n+(s; T) + n_{s] T). 

Put 

U{X^) := [ V{X^,Xs)tlj{xsydxs, G M^ 

the eigenf unction being defined in (12.41) . 

Theorem 6.1. Let vq and V satisfy (12. 5p . (12.111) with m±_ > 2 and ttlq = > 1, and 
(16. ip . Assume that (12. 3p holds true, and X G crdisc(-f^||)- Fix q E 1^+- Then for each 
e G (0, 1) we have 
(6.2) 

n+{{l+e)7]-p,Up,)+0{l) < ±i{2bq + \±ri-H±V,H)<n+{{l-e)7]-p,Up,)+0{l), 

(6.3) i{2bq + XTr,\H±V,H)=0{l), 

as ?7 I 0. 

Applying the well known results on the spectral asymptotics for compact Berezin- 
Toeplitz operators PqUpq (see [2^, [32]), we obtain the following 

Corollary 6.1. Assume the hypotheses of Theorem \6.1[ 
(i) Suppose that U G C^(M^), and 

f/(X^) =wo(Xx/|X^|)|Xxr"(l + o(l)), |X^| ^oo, 
|Vt/(X^)| < Ci(Xx)-"-\ Xx G M^ 
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where a > 2, and uq is a continuous function on which is non-negative and does not 
vanish identically. Then we have 

i{2hq + \±7^-H±V,H) = ±^\{X^e m?\U{X^) > r^} | (1 + o(l)) = 

where \.\ denotes the Lebesgue measure, 
(li) Let U e L°°(M2). Assume that 

lnf/(X^) = -/i|Xx|'^(l + o(l)), |X^| ^ oo, 

for some (3 G (0, oo), /i G (0, oo). Then we have 

e(26g + X±r];H±V,H) = ±ipf,{r]) (1 + o(l)), 77 i 0, /3 G (0, 00), 

where 

( ^|ln77|V/3 if </?<!, 

Mv)-=l in(i+Wfc) l^^^l ^ = ^' ?7e(o,e-^). 
I ■g^(ln I ln?7|)"^| liiT^I if 1 < /? < 00, 

(^mj Let U G L°°(M^). Assume that the support of U is compact, and that there exists a 
constant C > such that U > C on an open non-empty subset o/M^. Then we have 

^{2bq + \±ri;H ±V,H) = ±(ln | Inr^l)"^! lnr/|(l + o(l)), r/ j 0. 

Remarks: (i) The threshold behaviour of the SSF for various magnetic quantum Hamil- 
tonians has been studied in [TH] (see also [SU], [SI]), and recently in The singularities 
of the SSF described in Theorem 16. II and Corollary 16. II are of somewhat different nature 
since 2bq-\-X is an infinite-multiplicity eigenvalue, and not a threshold in the continuous 
spectrum of the unperturbed operator. 

(ii) By the strict mathematical version of the Breit-Wigner representation for the SSF 
(see [26], [27]), the resonances for various quantum Hamiltonians could be interpreted 
as the poles of the SSF. In [7] a Breit-Wigner approximation of the SSF near the Lan- 
dau level was obtained for the 3D Schrodinger operator with constant magnetic field, 
perturbed by a scalar potential satisfying (12. lip with m±_ > 2 and > 1. Moreover, 
it was shown in [7J that typically the resonances accumulate at the Landau levels. It 
is conjectured that the singularities of the SSF ^{■■,H± V, H) at the points 2bq + A, 
g G Z+, are due to accumulation of resonances to these points. One simple motiva- 
tion for this conjecture is the fact that if V is axisymmetric, then the eigenvalues of 
the operators PqUpq, g G Z+, appearing in (16. 2p are equal exactly to the quantities 
{V^q,m,^q,m)L2(R+xR;ododx3), m > -q, occurriug in ([3?I]) and 04.121). We leave for a 
future work the detailed analysis of the relation between the singularities of the SSF at 
the points 2bq + A and the eventual accumulation of resonances at these points. Hope- 
fully, in this future work we will also extend our results of Sections 3 - 5 to the case of 
non-axisymmetric perturbations V. 
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(iii) As mentioned above, if A G cruise (-f^y), then A is an isolated eigenvalue of H of infinite 
multiplicity. Set 

^ _ f sup{yu G (T(iJ), /i < A} if A >inf (T(if), 
]^ — oo if A = infcr(if), 

A+ := inf{/i G cr{H), /x > A}. 

By Pushnitski's representation of the SSF (see [2H]), and the Birman-Schwinger principle 
for discrete eigenvalues in gaps of the essential spectrum, we have 

e(A -r];H-V;H) = -n+{l; V^'^H - A + r^yW^'^) = 

-rankP(A_,A_,)(i^ - V^) + 0(1), i 0, 

e(A + r];H + V;H) = n_(l; V^/\H - A - 7])-^V^/^) = 

rankF^x+r,M){H + V) + 0(1), r] I 0. 

Then Theorem 16.11 and Corollary 16.11 imply that the perturbed operator H — V (resp., 
H + V) has an infinite sequence of discrete eigenvalues accumulating to A from the left 
(resp., from the right). 

6.2. This subsection contains some preliminary results needed for the proof of Theorem 

In what follows we denote by Si the trace class, and by 5*2 the Hilbert- Schmidt class of 
compact operators, and by || ■ \\j the norm in Sj, j = 1, 2. 
Suppose that 77 G M satisfies 

(6.4) < Ir^l < min|26 + A,idist (A, (j(iJ||) \ {A}) |. 

Note that inequalities (16.41) combined with (12.31) . imply 

A + r/ G (-26,0), X + ri^a{H\\), dist (A + r/, a(//||)) = li]]. 

Set Pj = Pj^I\\, 3 G Z+. For z e C+ := {( e C|ImC > 0}, j G Z+, and W := 1/^/^ put 

Tj{z) := WPj{H - z)-^W. 

Proposition 6.2. Assume the hypotheses of Theorem \ 6.1[ Suppose that (16.41) holds 
true. Fix q G Let j G Z+, j < q. Then the operator-norm limit 

(6.5) Tj{2bq + X + r]) = limTj{2bq + X + r] + i6) 

exists in £(L^(M'^)). Moreover, if j < q, we have Tj{2hq + A + r/) G 5*1, and 

(6.6) ||T,(26g + A + r7)||i =0(1), ^ 0. 
Proof. We have 

(6.7) Tj{z) = M{t±j ® t\\{z - 2bj))M, z G C+, 
where 

M := W{X^,X3){Xy"'^/^Xsr^/\ 
t±,i := {Xy-"'^/'pi{X^)-"'^/\ I G Z+, 
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Since the operators M and t± are bounded, in order to prove that the hmit f l6.5p exists 
in £(L^(]R^)), it suffices to show that the operator-norm hmit 

(6.8) hmt||(26(g- j) + A + r/ + i5) 

<5iO 

exists in £(L^(R)). If j < q, the hmit in fl6.8p exists due to the existence of the hmit in 
fl2.6p . If j = q, the limit in (16.80 exists just because X + r] ^ cr(-f^||)- 
Further, set 

hoiC) ■■= (x3)-"^^/^(i/o,ii - C)-^x3)-"^^/^ C e C+ \ {0}. 

For E = 2b{q — j) + X + rj, from the resolvent equation we deduce 

(6.9) mE)=t^^^o{E)m-MmE)) 

where M := Vo{x3){x3)"^^ is a bounded multiplier. By [HI Section 4.1], the operator 
t\\^Q{E) with G M \ {0} is trace-class, and we have 

(6.10) \\tlo{E)h < + E]!') 

\E\ 



with c independent of E. 

Assume j < q. Then (^M>, dSUDD, and ([22D imply t||(26(g - j) + X + r]) e Si, and 
(6.11) ||t||(26(g-j) + A + r/)||i = 0(l), r] ^ 0. 

Finally, for any / G Z+ we have tj_^i G Si, and 



(6.12) \\t±,i\\i = ^ [ {x±y 



-dXi 



(see e.g. [HI Subsection 4.1]). Bearing in mind the structure of the operator Tj (see 
(16. 7p ) and the boundedness of the operator M, we find that Tj{2b{q — j) + X + rj) G 5*1, 
and due to (16. lip and (16.120 . estimate (16. 6p holds true. □ 

Now set P+ := Yl'jLq+iPj: Q ^ '^+, the convergence of the series being understood in 
the strong sense. For z G C+ set 

T+{z) := W{H - z)-^P+W. 

Proposition 6.3. Assume that vq, V, and X, satisfy the hypotheses of Theorem \6.1\ 
and ?7 G M satisfies (16. 4p . Fix q G Z_|_ . Then the operator-norm limit 



(6.13) T+{2bq + X + r]) = \imT+{2bq + X + rj + id) 

exists in £(L^(M^)). Moreover, T^{2bq + A + ?]) G 5*2, and 

(6.14) \\T+{2bq + X + r^)h = 0{l), ^ 0. 
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Proof. Due to fl2.3p . the operator- valued function 

admits an analytic continuation in {C G C | ReC < 26g}. Since X + r] < 0, and W is 
bounded, we immediately find that the limit in ( ]6.13p exists. Evidently, the operator- 
valued function C+ 3 z {Hq — z)~^P^ £(L^(R^)) also admits an analytic contin- 
uation in {(^ G C I Re < 2bq}, and for E = 2bq + X + t] we have 

(6.15) r+(E) = W{Ho - E)-'P^{W - vo{H - Ey'P+W). 

Arguing as in the proof of [16^ Proposition 4.2], we obtain 



W{Ho -2bq-X- 7]Y^P^ G ^2 



and 



(6.16) \\W{H^ -2hq-X- ilY^P^h = 0(1), r/ ^ 0. 
Since A < 0, we have 

(6.17) \\W -vo[H -2hq-X-7])-^P^W\\=0{l), r/ ^ 0. 

Putting together fl6J[5|) and fl6J6|) - fl6Tri) . we obtain fICTll . □ 

6.3. In this subsection we prove Theorem 16.11 
Suppose that G M satisfies (16.41) . Fix g G Z+. Set 

T{2hq + A + r/) := T-{2hq + X + r])+ Tg{2bq + X + r]) + T+(26g + A + r^), 

where 

T-(26g + X + r]) = J]T,(26g + A + r/). 

j<q 

Note that the operators Tq{2hq + A + 77) and T+(26g + X + rj) are self-adjoint. 
By Pushnitski's representation of the SSF for sign-definite perturbations (see l28j), we 
have 
(6.18) 

^{2hq + X + 7]-H±V,H) = ±- I n^{l,ReT{2bq + X + r]) + slmT{2bq + X + r]))- 

By (16.181) and the well-known Weyl inequalities, for each e G (0, 1) we have 
n^{l + e; Tg{2bq + X + r])) - R,{7]) < ±^{2bq + X + 7]; H ±V, H) < 

(6.19) n^il - e; T,(26g + A + r/)) + RM 
where 

Reiv) ■■ = 

n,{e/3; ReT-{2bq + X + r])) + n,{e/3; T+{2bq + X + r])) + ^\\T-{2bq + A + r7)||i < 

(6.20) ^ J2 ll^^'^^^g + A + r^)||i + ^||T+(26g + A + r^)||^ = 0(1), ^ 0, 

j<q 



ds 
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due to Propositions 16.11 - 16. 2[ 

Next, set 

r, = W{p, ® f,(A + r^) := W{p, - A - r])-'^ - p^^))W, 

provided that 77 G M satisfies (16.41) . Evidently, 

T,{2bq + X + r]) = -r/'V, + f,{X + r,). 
Applying again the Weyl inequalities, we get 

n±{s{l + e)\'q\] (sign?7)rg) - n^{se]fq{\ + r/)) < n^{s;Tq{2bq + X + r])) < 

(6.21) n±(s(l - e)\r]\- (sign r7)r,) + n,{se- f,{\ + r])) 

for each s > 0, e G (0, 1), and r] satisfying (16. 4p . Note that since PqUpg > we have 

(6.22) n±{s\r]\; (sign 77) rj = | ^^\^^ ^'^^ 
for every s > 0. Further, 

(6.23) fg{\ + 7]) = M{t^^g ill + V))M 
where 

kiX + v) := (x3)-"^/^(/f|| - A-r/)-i(/|, -pi|)(x3)""^^/^ 

Obviously, 

(6.24) ||t||(A + v)\\< \\{Hii - A - v)-\lii - pii)\\ = 0(1), V - 0. 
On the other hand, similarly to (16. 9p we have 

(6.25) kiX + v) = t||,o(A + r7)(/|, -Mt||(A + r/)) - {x,)-"^-^/\Ho,ii - \ - vypwixs)'""'^' ■ 
Since (xa)"*"^/^ is a rank-one operator, we have 

||(x3)-™«/'(ifo,||-A-r/)-V||(x3)-'"^/1i < ||(x3)-"^^/'(ifo,||-A-r^)-i|b||(x3)^"^/l2 < 

(6.26) /(x)^'"«^(x)^dx|A + r/|-^ =0(1), r] ^ 0. 

Putting together flOS]) . ^M), ^Ml, and flOel) . we get 

(6.27) ||f||(A + r7)||i = 0(l), r/ ^ 0, 
which combined with (I6.23P and (I6.12p yields 

(6.28) n±(s;T,(A + r/)) < s-'\\fg{X + r])\\ = 0(1), r/ ^ 0. 
Now ([62D - (O follow from estimates fICTD - ^Ml, and flOHj) . 

Acknowledgements. M. A. Astaburuaga and C. Fernandez were partially supported 
by the Chilean Laboratorio de Andlisis Estocdstico PBCT - ACT 13. Philippe Briet and 
Georgi Raikov were partially supported by the CNRS-Conicyt Grant ''Resonances and 
embedded eigenvalues for quantum and classical systems in exterior magnetic fields" . V. 
Bruneau was partially supported by the French ANR Grant no. JC0546063. V. Bruneau 



28 



M. A. ASTABURUAGA, PH. BRIET, V. BRUNEAU, C. FERNANDEZ, AND G. RAIKOV 



and G. Raikov were partially supported by the Chilean Science Foundation Fondecyt 
under Grants 1050716 and 7060245. 

References 

[1] S. Agmon, Spectral properties of Schrddinger operators and scattering theory, Ann. Sc. Norm. 

Super. Pisa, CI. Sci., IV. Ser. 2, (1975), 151-218. 
[2] J. Aguilar, J.M. Combes, A class of analytic perturbations for one-body Schrddinger Ham.il- 

tonians, Comm. Math. Phys. 22 (1971), 269-279. 

[3] J. ASCH, M. A. ASTABURUAGA, P. BRIET, V. CORTES, P. DUCLOS, C. FERNANDEZ, Sojourn 

time for rank one perturbations, J. Math. Phys. 47 (2006), 033501, 14 pp. 

[4] J. AvRON, I. Herbst, B. Simon, Schrddinger operators with magnetic fields. I. General inter- 
actions, Duke Math. J. 45 (1978), 847-883. 

[5] F. A. Berezin, M. A. Shubin, The Schrddinger Equation, Kluwer Academic Publishers, Dor- 
drecht, 1991. 

[6] M.S.BiRMAN, M. G. Krein, On the theory of wave operators and scattering operators, Dokl. 
Akad. Nauk SSSR 144 (1962), 475-478 (Russian); Enghsh translation in Soviet Math. Doklady 
3 (1962). 

[7] J. F. Bony, V.Bruneau, G.D. Raikov, Resonances and spectral shift function near Landau lev- 
els, Ann. Inst. Fourier 57 (2007), 629-671. 

[8] P. Briet, G. Raikov, E. Soccorsi, Spectral properties of a magnetic quantum Hamiltonian 
on a strip, ArXiv Preprint math-ph 0711.3842, to appear in Asymp. Analysis. 

[9] V. Bruneau, a. Pushnitski, G. D. Raikov, Spectral shift function in strong magnetic fields, 
Algebra i Analiz 16 (2004), 207 - 238; see also St. Petersburg Math. Journal 16 (2005), 181-209. 
[10] V. Bruneau, V. Petkov Meromorphic continuation of the spectral shift function, Duke Math. 
J. 116 (2003), 389-430. 

[11] L. Cattaneo, G. M. Graf, W. Hunziker, A general resonance theory based on Mourre's 

inequality, Ann. Henri Poincare 7 (2006), 583-601. 
[12] O. CosTiN, A. Soffer, Resonance theory for Schrddinger operators, Comm. Math. Phys. 224 

(2001), 133-152. 

[13] M. DiMASSi, V. Petkov, Spectral shift function and resonances for non-semi-bounded and Stark 

Hamiltonians, J. Math. Pures Appl. 82 (2003), 1303-1342. 
[14] M. DiMASSi, V. Petkov, Resonances for magnetic Stark Hamiltonians in two-dimensional case, 

Int. Math. Res. Not. 2004, no. 77, 4147-4179. 
[15] M. DiMASSi, J. S,JOSTRAND, Spectral Asymptotics in the Semi- Classical Limit, LMS Lecture 

Note Series, 268, Cambridge University Press Cambridge, 1999. 
[16] C. Fernandez, G. D. Raikov, On the singularities of the magnetic spectral shift function at 

the Landau levels, Ann. Henri Poincare 5 (2004). 381 - 403. 
[17] C. Ferrari, H. Kovarik, On the exponential decay of magnetic Stark resonances, Rep. Math. 

Phys. 56 (2005), 197-207. 
[18] C. Gerard, I. Laba, Multiparticle Quantum Scattering in Constant Magnetic Fields, Mathe- 
matical Surveys and Monographs, 90, AMS, Providence, RI, 2002. 
[19] I. W. Herbst, Exponential decay in the Stark effect, Comm. Math. Phys. 75 (1980), 197-205. 
[20] P.D. HiSLOP, I.M. SiGAL, Introduction to spectral theory. With applications to Schrddinger 

operators. Applied Mathematical Sciences, 113, Springer- Verlag, New York, 1996. x-|-337 pp. 
[21] A. Jensen, E. Mourre, P. Perry, Multiple commutator estimates and resolvent smoothness 

in quantum scattering theory Ann. Inst. H. Poincare Phys. Theor. 41 (1984), 207-225. 
[22] T. Kato, Perturbation Theory for Linear Operators, Springer Verlag, Berlin/Heidelberg/New 

York, 1966. 

[23] M. G. Krein, On the trace formula in perturbation theory. Mat. Sb. 33 (1953), 597-626 (Russian). 
[24] I. M. LiFSHiTS, On a problem in perturbation theory, Uspekhi Mat. Nauk 7 (1952), 171-180 
(Russian). 



RESONANCES AND SSF SINGULARITIES FOR A MAGNETIC SCHRODINGER OPERATOR 29 



[25] E. MOURRE, Absence of singular continuous spectrum for certain self-adjoint operators, Comm. 

Math. Phys. 78 (1981), 391-408. 
[26] V. Petkov, M. ZworSKI, Breit-Wigner approximation and the distribution of resonances, 

Comm. Math. Phys. 204 (1999), 329-351; Erratum: Comm. Math. Phys. 214 (2000), 733-735. 
[27] V. Petkov, M. Zworski, Semi-classical estimates on the scattering determinant, Ann. Henri 

Poincare 2 (2001), 675-711. 
[28] A. PUSHNITSKII, A representation for the spectral shift function in the case of perturbations of 

fixed sign, Algebra i Analiz 9 (1997), 197-213 (Russian); English translation in St. Petersburg 

Math. J. 9 (1998), 1181-1194. 
[29] G. D. Raikov, Eigenvalue asymptotics for the Schrodinger operator with homogeneous magnetic 

potential and decreasing electric potential. I. Behaviour near the essential spectrum tips. Comm. 

PDE 15 (1990), 407-434; Errata: Comm. PDE 18 (1993), 1977-1979. 
[30] G.D. Raikov, Spectral shift function for Schrodinger operators in constant magnetic fields, Cubo, 

7 (2005), 171-199. 

[31] G.D. Raikov, Spectral shift function for magnetic Schrodinger operators. Mathematical Physics 

of Quantum Mechanics, Lecture Notes in Physics, 690 (2006), 451-465. 
[32] G.D. Raikov, S.Warzel, Quasi- classical versus non-classical spectral asymptotics for magnetic 

Schrodinger operators with decreasing electric potentials. Rev. Math. Phys. 14 (2002), 1051-1072. 
[33] M.Reed, B.Simon, Methods of Modern Mathematical Physics. III. Scattering Theory, Academic 

Press, New York, 1979. 

[34] M.Reed, B.Simon, Methods of Modern Mathematical Physics. IV. Analysis of Operators, Aca- 
demic Press, New York, 1979. 

[35] A. SOFFER, M. Weinstein, Time dependent resonance theory, Geom. Funct. Anal. 8 (1998), 
1086-1128. 

[36] E. Skibsted, On the evolution of resonance states, J. Math. Anal. Appl. 141 (1989), 27-48. 
[37] S.-H. Tang, M. Zworski, Potential Scattering on the Real Line, Lecture notes available at 

http://math.berkeley.edu~zworski/tzl.pdf . 
[38] X.P. Wang, Barrier resonances in strong magnetic fields, Commun. Partial Differ. Equations 

17, (1992) 1539-1566. 

Departamento de Matematicas, Facultad de Matematicas, Pontificia Universidad Catolica 
DE Chile, Vicuna Mackenna 4860, Santiago de Chile 
E-mail address: angelica@mat.puc.cl 

Centre de Physique Theorique, CNRS-Luminy, Case 907, 13288 Marseille, France 
E-mail address: briet@cpt.univ-mrs.fr 

Universite Bordeaux I, Institut de Mathematiques de Bordeaux, UMR CNRS 5251, 351, 
CouRS DE LA Liberation, 33405 Talence, France 
E-mail address: vbruneau@math.u-bordeauxl.fr 

Departamento de Matematicas, Facultad de Matematicas, Pontificia Universidad Catolica 
DE Chile, Vicuna Mackenna 4860, Santiago de Chile 
E-mail address: cf ernand@mat . puc . cl 

Departamento de Matematicas, Facultad de Matematicas, Pontificia Universidad Catolica 
DE Chile, Vicuna Mackenna 4860, Santiago de Chile 
E-mail address: graikov@mat . puc . cl 



